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The flow of a p lasma with different component t empera tures  in the boundary l aye r s  at the 
e lec t rodes  of an MHD channel is investigated without any assumptions as to se l f - s imi la r i ty .  
For  the calculat ion of the e lec t ron tempera ture ,  the full energy equation for  an e lec t rongas  
[1] is solved with allowance for  the est imates  given in [2]. In cont ras t  to [3, 4], the ca lcu-  
lation includes the change in t empera tu re  of e lectrons and ions along the channel caused by 
the collect ive t ranspor t  of energy,  the work done by the part ial  p r e s su re  forces ,  and the 
Joule heating and the energy exchange between the components.  The problem of the boundary 
l aye rs  in the flow of a two- tempera ture ,  part ial ly ionized p lasma past  an electrode is solved 
in simplified form by the local s imi lar i ty  method in [5-7]~ In these papers ,  e i ther  the 
Ke r r eb rock  equation is used [5, 6] or  the collective t e r m s  are  omitted from the e lectron 
energy equation [7]. 

1. I n i t i a l  E q u a t i o n s  

We cons ider  the flow of a p lasma with different component t empera tu res  in a plane channel 0< x< L = 
const,  0 < y < a  =cons t  formed by two parallel  e lect rodes  y=  0 and y = a .  An external potential difference is 
applied between the e lec t rodes  such that the wall y=  0 i s  the anode and the wall y =a is the cathode. The 
p lasma enters  the channel in such a way that i ts pa r ame te r s  are  constant over  a c r o s s  section. It is  as -  
sumed that there  is a homogeneous magnetic field H = (O, O, H). 

We cons ider  the case  when the gradients of velocity and tempera tu re  in the center  of the flow are 
small  compared  with those near  the e lect rodes  so that the flow can be divided into an external flow of a 
nonviscous and nonthermally conducting medium and narrow boundary l aye r s  in which viscosi ty  and the r -  
mal conduction play a significant role.  It is  assumed that the potential drop in the boundary l aye r s  is small  
compared  to the potential difference between the e lect rodes .  The sys tem of MHD equations for  the bound- 
ary l a y e r  in a two- tempera tu re  p lasma has the form [2] 

Opvx , Opvl~ 
Oz  ~ - ~ = 0 '  P s = P ~ + P ~ ,  p~=neTe ,  P i = n ~ T i  ( t . i )  
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( 1 . 5 )  

H e r e y =  (Vx, ~y) is the average mass  velocity; Ey is the strength 
of the t r ansve r se  electr ic  field; jy is  the project ion of the cur ren t  den- 
sity on to the external normal to the anode surface;  T k, n k are  the t em-  
pera ture  and number per  unit volume of par t ic les  of the k- th  kind; p, Pk 
are the total and partial  p ressu res ;  m k, T k are  the mass  of the par t ic les  

and the t ime between collisions among par t ic les  of the same kind; p =men e +mini ~ min i is the p lasma  
density; a is the conductivity; e, mp are  the charge  and mass  of a proton; c is the velocity of light. 
The subscript  e denotes quantities re fe r ing  to electrons,  and i those refer ing to ions; the subscr ipt  
6 r e fe r s  to the external  flow, 0 to the channel input pa ramete r s ,  and w to the e lec t rodes .  We note 
that the t e r m s  2.5e-~jy6a Te /0  y and e-lne-~Jy60Pe/0 y in the right side of the e lectron energy equation 
(i.4), which descr ibe  the t ranspor t  of e lectron enthalpy by the e lec t r ic  current  and the work done by 
the electron p ressu re ,  have different signs in the anode and cathode boundary layers :  the upper sign 
cor responds  to the anode, and the lower sign to the cathode. We consider  the following boundary con- 
ditions: 

v ~ = v y = 0 ,  T~=T~,  T ~ = T ~  (y=0) 
v x - -v~ ,  T i ~ T ~ ,  T~----T~ (y-.co) (1.6) 

For  t ransfer ing (1.1)-(1.5) to dimensionless form, we use the following paramete rs :  the rat io of the 
ion m a s s  to the proton m a s s  m = m i / m  p, the Coulomb logar i thm at the input to the channel ~0, load f a c t o r  
K, the load pa rame te r  S, and also the Mach M0, Reynolds R, and Hall ~2 0 numbers:  

-- cF~YS ~~ Mo ] / ' ~  povoL Qo " ells'e~ 
K - -  v--o~' S :  c2povo , = r  5po ' R =  ~ o , , , .  moc 

It is assumed that all quantities va ry  only with the longitudinal coordinate x in the body of the flow. 
In calculating the distributions of the gas-dynamic  parametes  Vx6, Ti6, Te6, and P6 and the cur ren t  den- 
sity Jy6 in the external flow, we omit in (1.1)-(1.4) all derivat ives with respec t  to y and use one-d imen-  
sional theory.  It can easily be shown that the change in the velocity and Mach number along the channel 
are  then given qualitatively by the R e s l e r -  Sears diagram [8]. In integrat ing the one-dimensional  sys tem 
it is  assumed that the component t empera tures ,  velocity, andthe density at the input to the channel are  given. 

We have considered subsonic and supersonic conditions for  the MHD channel with the energy supplied 
to the flow in such a way that accelera t ion occurs  with simultaneous inc rease  in the Mach number.  It fol-  
lows from the R e s l e r -  Sears diagram that for  subsonic flow with fixed M 0 and K the value of S cannot ex- 
ceed somce cri t ical  value which is determined by the cut-off  condition M = 1 at x =L,  Calculations were  
c a r r i ed  out for a li thium plasma so that m = 6.8849. Subsonic flow was considered for the following pa- 
r ame te r  values: 

T~ ~ = i0000 ~ K, Ti ~ : 5000 ~ K, ni ~ : 101~ cm -3, Vo _4-105 e m / s e c  

H = 100 G, Ey~ = i .65V/cm,] ,  ~ = 36.9 A/era  i 
(1.7) 

which cor respond  to 

M0 = 0.7306, K = 4.i36, ~20 0.0944, ko = 5.1338. 

Cut-off occur red  at a length L = 3.5 cm and was obtained at S= 0.2242, R=8112. The calculations for 
the supersonic flow were made with 

T~ ~ = t0000 ~ K, T~ ~ = 2500 ~ K, ni ~ = i01~cm-~ !v0 = t0 e c m / s e c  
H = i00 G ,  L = t t .3 cm, Eys = t.1,t.5,t.8 V / c m  (1.8) 

1o = 2.6, t2.9, 20.6 A/era  2 
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which c o r r e s p o n d  to 

Me = 2.0009, S = 2.3036, Oo = 0.8285, ~o = 5.8473, 
R = 42073, K = l . t ,  t .5,  1.8. 

2 .  R e s u l t s  o f  t h e  C a l c u l a t i o n s  

The  s y s t e m  ( ! .1 ) - (1 .6 )  was  s o l v e d  by  the i t e r a t i v e  m e t h o d  of 
s u c c e s s i v e  p a s s e s  [9]; we u s e d  the D o r o d n i t s y n  v a r i a b l e s  

Y 
x ,z 0 0 

=-L-"  ~1= r ~i~ 
0 

(2.1) 

The  b o u n d a r i e s  l a y e r s  w e r e  s t ud i e d  a t  the  anode  ( v a r i a n t s  A1, 
A2, A3, A4, A5 and A6) and at  the  c a thode  {va r i an t s  C2 and C6). The  
v a l u e s  g iven  in  (1.7) and {1.8) w e r e  t a k e n  as  c h a r a c t e r i s t i c  v a l u e s  
f o r  the  input  to  the  channe l .  At  the  w a l l s  we c o n s i d e r e d  the  fo l lowing  
cond i t i ons :  T i w  = 1250~ T e w  = 5000~ fo r  v a r i a n t s  A1, A3, A4 and 
A5; T. ew = T i w =  4500 ~ for  v a r i a n t s  A2 and C2; T iw = 1000~ T e w  = 
5000~ fo r  v a r i a n t s  A6 and C6. F o r  A1, A2 and C2,  the  flow was  
s u b s o n i c  with K =4 .136  and in  the  r e m a i n i n g  v .a r ian t s  i t  was  s u p e r -  
son ic  with K = 1.1 {A3), K = 1.5 {A4) and K = 1.8 (A5, A6 and C6). 

E s t i m a t e s  show [10] tha t  in  a fu l ly  i o n i z e d  t w o - t e m p e r a t u r e  
p l a s m a  the t h i c k n e s s  of  the  t e m p e r a t u r e  b o u n d a r y  l a y e r  of e l e c t r o n s  
5 e i s  c o n s i d e r a b l y  g r e a t e r  than  the  t h i c k n e s s  f o r  a v i s c o u s  o r  an  ion  
t e m p e r a t u r e  b o u n d a r y  l a y e r .  F o r  t h i s  r e a s o n  the a s y m p t o t i c  b o u n d -  
a r y  cond i t i on  (1.6) was  a p p l i e d  in  the  c a l c u l a t i o n s  at  the  e x t e r n a l  
b o u n d a r y  of  the  e l e c t r o n  t e m p e r a t u r e  b o u n d a r y  l a y e r .  The  v a l u e  of 
5 e was  d e t e r m i n e d  f r o m  the  cond i t i on  tha t  t h e r e  should  be a smoo th  
t r a n s i t i o n  f r o m  the e l e c t r o n  t e m p e r a t u r e  p r o f i l e  in  the  b o u n d a r y  
l a y e r  to the  e l e c t r o n  t e m p e r a t u r e  d i s t r i b u t i o n  a long the channel  
T e S - l ~ T e / ~  = 10 -2 at  7 = 5 e .  In  the  v a r i a b l e s  {2.1), we ge t  5 e =  24. 
F i g u r e  1 shows  the  i n i t i a l  p a r t s  of the  c o m p o n e n t  t e m p e r a t u r e  p r o -  
f i l e s  at  the  c r o s s  s e c t i o n  ~ = 0.5 when the  f low round  the  e l e c t r o d e s  
i s  s u b s o n i c .  I t  c a n  b e  s e e n  tha t  when the c o m p o n e n t  t e m p e r a t u r e s  
a t  t he  wal l  a r e  d i f f e r e n t  (A1), r e l a x a t i o n  of  the  t e m p e r a t u r e  d i f f e r -  
ence  T e w - T i w  c r e a t e d  at  the  wal l  o c c u r s  in  a th in  l a y e r  n e a r  the  
wal l  - the  5 - l a y e r  [10, 11]. The  n a t u r e  of the  t e m p e r a t u r e  v a r i a t i o n  
in  the  5 - l a y e r  i s  qui te  d i f f e r e n t  fo r  the  two c o m p o n e n t s :  the  i on  
t e m p e r a t u r e  i n c r e a s e s  s h a r p l y  away f r o m  the  wal l  w h e r e a s  the e l e c -  
t r o m  t e m p e r a t u r e  i s  a l m o s t  c o n s t a n t .  

The  f o r m a t i o n  of the  5 - l a y e r  i s  b r o u g h t  about  by  two f a c t o r s :  
the  i n t e r c h a n g e  of  e n e r g y  b e t w e e n  the  c o m p o n e n t s  and  the  e q u a l i z a -  
t i on  of the  ion  t e m p e r a t u r e  a s  a r e s u l t  of  t h e r m a l  c onduc t i v i t y .  If, 

h o w e v e r ,  T e w = T i w ,  so  tha t  t h e r e  i s  l i t t l e  e n e r g y  i n t e r c h a n g e  n e a r  
the  wal l  {A2 and C2 in  F ig .  1), then  t h e r e  i s  no 5 - l a y e r .  Then  a s  a 
r e s u l t  of  v i s c o u s  h e a t i n g  of the  ion gas  a t  the  e l e c t r o d e  s u r f a c e  T i > 
T e. A c o m p a r i s o n  of p r o f i l e s  fo r  the  s a m e  c o m p o n e n t  t e m p e r a t u r e s  
at  the  two e l e c t r o d e s  (A2 and C2) shows  tha t  a s  a r e s u l t  of the  d i f -  
f u s ion  of e l e c t r o n  en tha lpy  and the w o r k  done by  e l e c t r o n  p r e s s u r e  
f o r c e s  d u r i n g  the  c u r r e n t  f low,  the  t e m p e r a t u r e s  T e and T i in  the  
b o u n d a r y  l a y e r s  a r e  h i g h e r  a t  the  anode  than  a t  the  ca thode .  The  
t e r m  d e s c r i b i n g  the  v i s c o u s  h e a t i n g  in  the  e n e r g y  equa t ion  fo r  the  
i o n  gas  i s  p r o p o r t i o n a l  to M 2, and t h e r e f o r e  t h e r e  i s  a c o n s i d e r a b l y  
m o r e  i n t e n s i v e  h e a t i n g  of the  i o n s  n e a r  the  w a l l s  u n d e r  s u p e r s o n i c  
channe l  o p e r a t i o n  than  with subson ic  flow. Thus  the  c a l c u l a t i o n  for  
v a r i a n t  A3 which h a s  the  s a m e  v a l u e s  of Tew and T iw  a s  A1 shows 
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that the ion tempera ture  is  higher than the electron tempera ture  
for  some distance f rom the walls in the viscous boundary layer .  

An analysis  established that the partial  p r e s s u r e s  var ied  
sharply ac ros s  the 5 - l aye r  with the e lec t ron p r e s s u r e  falling and 
the ion p res su re  increas ing  from the wall and the overall  p r e s -  
sure  p remaining constant.  Since p does not vary  ac ross  the chan- 
nel and the p re s su re  near  the walls is lower  than that in thebulk 
flow, the density in the boundary l aye rs  is higher than in the ex- 
ternal flow. Calculations show that at fixed K and M 0 > 1 theden-  
sity near  the wall dec reases  more  rapidly away f rom the input to 
the channel than the flow accelera t ing force f = c-lJy8 H -  dPs/dx 
inc reases .  Thus the velocity gradient 0Vx/O~ near  the wall in-  
c r ea se s  with ~ and the viscous hea t i ngo f the ionsbecomes  grea te r .  
If the load coefficient is  increased  (variants A3, A4, and A5), the 
cu r ren t  density and therefore  the Joule heating inc rease  so that 

the e lectron tempera ture  in the bulk flow goes up. The tempera tu re  drop T e s - T e w  ac ross  the boundary 
l aye r  increases  as does the gradient (0Te/O~) w. 

The tempera ture  and cu r ren t  density distributions that were obtained were used to calculate the di- 
mensional energy fluxes (kW/m 2) qe, 04' and qj to the e lect rodes  caused by the e lectron and ion thermal  
conductivities and also by the t r anspor t  of e lec t ron  enthalpy by the electr ic  cur ren t  and the diffusion of 
e lect rons  in the magnetic field: 

/0r 4 /or 4 3.m 
q ~ = - -  ~'~\~-/,~' q ~ = - -  '~oy]~ , '  qJ= -g ]~T,~, 

The velocity and density profi les  were  used to determine the displacement thickness 

dy = n~vx I d,1 
0 P~Vx~ r P~176 ~o ni \ ni~Vx~ ] 

We also calculated the dimensionless pa rame te r s  charac ter iz ing  the fr ict ion and thermal  exchange 
at the e lectrodes  - the coefficient of fr ict ion cf  a n d  Nusselt  numbers  N e, N i and Nj; these are related to 
the corresponding energy fluxes by the equations 

P~V2xS - hi5 (Ti~ %'wvx~ "~}w 
2"5qkx Rx PsV~csx __ 5 p 

Nk -~ mi~e~ (48 -- h~)-' -~ ~ , h -- ~" -~ ~- Tv~2 
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TABLE 2 

s * (povo)I/2 (x~iO)-ql 

Variant A3 A4 A5 

0 
0.0t 
0.t 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

1.4578 
0.4773 
0.5t60 
0.37t7 
0.3223 
o.2889 
0.2650 
0.2465 
0.2320 
0.2202 
0.2104 
0.2020 

t.4578 
t.3622 
0.5961 
0.4239 
0.3450 
0.3007 
0.275o 
0.2562 
0.2425 
0.2320 
0.2235 
0.2163 

t.4578 
2.2574 
1.3t88 
0.9002 
0.545t 
0.3652 
0.2839 
0.2427 
0.2599 
0.2048 
0.t935 
0.t842 

where  R x i s  the actual Reynolds number  and h is  the sum of 
the enthalpy p e r  unit m a s s  and the kinet ic  energy  densi ty .  

F i g u r e s  2-5 show the d i s t r ibu t ions  of the p a r a m e t e r s  
N e / ( ~ x  , N i / ~ x x  , N j / R ~ x  along the e l e c t r ode s  for  va r ious  
opera t iona l  condi t ions in the MHD channel.  The va lues  of the 
energy  fluxes give an idea  of the in tens i ty  of the heat ing which 
occurs  at the anode and the cathode and are  given in Table  1. 
An a n a l y s i s  of the r e s u l t s  shows that  at a suff ic ient ly  high c u r -  
ren t  densi ty  (subsonic condit ions)  the diffusion of e l ec t ron  
enthalpy and the work done by the e l ec t ron  p r e s s u r e  fo r ce s  
dur ing the c u r r e n t  flow play a s igni f icant  pa r t  in the energy  
ba lance  in the boundary l a y e r  so that  the heat  fluxes qe and qi 
a r e  s e ve r a l  t imes  g r e a t e r  at the anode than at the cathode.  It 
should be noted that desp i te  the fact that  (aTi/OY)w>> (@Te/  

~Y)w, the high the rma l  conduct ivi ty  of the e l ec t rons  means  that  qe > qi. In c o n t r a s t  to the heat  f luxes f rom 
the rma l  conduct ivi ty ,  which a re  d i r ec t ed  towards  the e l e c t r o d e s ,  the e l e c t r i c  c u r r e n t  c a r r i e s  e l ec t ron  en-  
thalpy f rom the cathode to the anode and thus the heat ing at  the anode is  i n c r e a s e d  and that  at the cathode 
i s  d e c r e a s e d .  If the c u r r e n t  densi ty  i s  i n c r e a s e d  (it i s  a s sumed  that the mechan i sm de te rmin ing  the p r o -  
duction and l o s s  of cha rged  p a r t i c l e s  a t  the e l e c t r o d e s  su r f aces  al lows Jy6 to be i n c r e a s e d ) ,  the energy 
flux qj goes up. With the flow p a r a m e t e r s  used he re ,  l qe + qi 1 < l qj t for  subsonic flow and l qe + qil  > l qj I for  
supersonic  flow. 

In superson ic  flow t h e r e  i s  in tens ive  heat ing of the e l e c t r o n  component  in the T - l a y e r  as the load  co-  
ef f ic ient  i n c r e a s e s  [12]. As a r e s u l t  of th is ,  the e l e c t r o n  t e m p e r a t u r e  drop a c r o s s  the boundary  l a y e r  over  
the in i t ia l  p a r t s  of the e l e c t r o d e s  i n c r e a s e s  with K. The e l e c t r o n  hea t ing  a lso  p roduces  a sharp  r i s e  in 
the conduct ivi ty  so that  for  l a r g e  K the re  i s  a l oca l i zed  c u r r e n t  of i n c r e a s e d  densi ty  in the T - l a y e r .  Thus 
under  supersonic  condit ions the d i s t r ibu t ions  of qe '  qj '  Ne ' /R~x'  N j / ~ x  have m a x i m a  in the ini t ia l  pa r t  of 
the flow. Since the component  t e m p e r a t u r e s  a r e  h igher  in the boundary l a y e r s  at the anode on account of 
the diffusion of e l e c t r o n  enthalpy and the p r e s s u r e  of the mix tu re  does  not change a c r o s s  the channel,  the 
densi ty  i s  g r e a t e r  nea r  the anode than nea r  the cathode.  F o r  the same  force  f the gas at  the anode un- 
de rgoes  a g r e a t e r  a c c e l e r a t i o n  than does that  at the cathode.  Thus the f r i c t ion  fo r ce s  a r e  g r e a t e r  a t  the 
anode than at the cathode; th is  r e s u l t  i s  in a g r e e m e n t  with the ca lcu la ted  d i s t r ibu t ion  of the quantity c f ~  x 
along the e l e c t r o d e s  shown in F igs .  6 and 7. 

The loca l i za t ion  of the e l e c t r i c  c u r r e n t  in  the T - l a y e r  p roduces  an i n c r e a s e  in the Loren tz  force  in 
the in i t ia l  p a r t  of the flow and a drop in densi ty  nea r  the anode; this  expla ins  the p r e s e n c e  of the m a x i m a  
in cf  R~x when the flow pas t  the anode i s  supe r son ic .  

The value of the d imens ion le s s  d i sp l a c e m e n t  th ickness  at va r ious  c r o s s  sec t ions  in  the channel ( n o r -  
m a l i z e d  by (x#i~ i s  shown in Table  2. Using these  data we can eas i ly  show that  5* in  the de -  
veloped flow i s  of the o r d e r  of s eve ra l  ion mean  f r ee  paths  under  the s ame  condi t ions a l r eady  cons idered .  
We may note that  because  the Prandt l  number  of the e l ec t ron  component  
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is small,  the thickness of the electron t empera tu re  boundary layer  is much g rea t e r  than 6" .  

In order  to est imate the effect of the boundary l aye r s  on the external flow, i t  is  of in te res t  to con-  
s ider  the magnitude of the ratio r*=  r c / r  i of the e lectr ical  res is tance  of the boundary l aye r s  at the e lec-  
t rodes  (rc)  to the internal res i s tance  of the MHD channel (r i) when the boundary l aye r s  are neglected: 

rr = 2 f z-ldy, ri = a/~s (2.2) 
0 

where a is the distance between the e lectrodes .  The f i rs t  equation in (2.2) is  not useful in studying the 
asymptotic boundary l aye r s  because r c -~ ~ as 5 e - -  ~ .  Thus the pa rame te r  charac te r iz ing  the res is tance  
of the boundary l aye r s  should be taken as 

: �9 c o  

r~=l im2 I (-~----~8 )dy  ----- 2 V - f f  ~ -~-(~-~---~-~ ) d~l 
5e~~176 0 

which is bounded as 5 e ~ ~.  The e x t r a  t e rm is of the o rder  of a c / a  5, where a c is a charac te r i s t i c  value 
of the conductivity near  the e lectrodes .  Distributions of r*  as a function of ~ for var ious  values of K are  
given in Fig. 8; the value of L/a  was taken a~ 10. Since the e lectron gas in heated more  strongly in the 
bulk flow than in the boundary l aye r s  as the load coefficient inc reases ,  the res is tance  of the channel de-  
c r ea ses  with r i se  in K, and the value of r* goes up. 

The author thanks V. V. Gogosov and A. E. Yakubenko for in teres t  in this work. 
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